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Abstract

» Padé method is the simple and direct method that Painlevé
equations, their Lax pairs and hypergeometric special so-
lutions are simultaneously obtained from setting a suitable
interpolation problem. In this talk, we show Padé interpo-
lation method of additive grid applied to additive difference
(d-) Painlevé equations with the affine Weyl group symme-
try of type Egl), Eél), Dgl) and Agl).
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e Discrete Painlevé equations
» Continuous limit reduce to differential Painlevé equations.

» Property: Singularity confinement as a discrete analogue of Painlevé
property [Gramaticos-Ramani(1991)].

» Construction:

1. Non-autonomous version of Quispel-Roberts-Thompson mapping
[ Gramaticos-Ramani-Hietarinta],

2. Orthogonal polynomials theory [Brézin-Kazakov(1990)], [Magnus(1995)],

3. Deformation theory of linear difference equation [Jimbo-Sakai(1996)],

4. Birational representations of affine Weyl groups [Kajiwara-Noumi-Yamadal].
Discrete Painlevé equations are birational transformations as transla-

tion parts of the symmetry groups, etc.
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» Classification: elliptic(e-), multiplicative(g-) and additive(d-) difference

for the affine root systems of /symmetry [H. Sakai(2001)].
4 . . . . )
Degeneration diagram of affine Weyl groups symmetries:
ell.(e-) E<1) AP
|| —8\
mul.(g-) E(l) B ~ BV~ DY~ A ~ (Ao 4+ A1) D = (A1 + 2 ) — A AfY
RO R ey <1>\ (1) N <>\ AP (1)
add.(d-) ESY~E-EL (1;\/1) éf’v) 2((1%3) . |2_(§ Apm
\ Npﬂf Py’
A(l) A(l) A(l)
(PIV) (PII) (PI)
N Y

» In this talk, we read d-Painlevé equations with affine Weyl group sym-
metry of type Eél), Eél), Dgl) and Agl).



¢ d-Painleve equations in this talk
Independent variables ( f, g) € P1 xP! and parameters (k1, ko, v1,...,vg,8) € C11

» Equation with the symmetry type d-Eél) [Grammaticos-Ramani(1999)]

(ftg—ki+k)(f+9g—k1+ka+6) sy +ka—v)

(f+9)(F+9) [T (g 4v)
(f+g—ki+k)(F+g—kitka—08) _TEs(f —k1+v)
(f+9)(f+9) = (f —v)

where a constraint 2(k1 + k) = 6 + X9, v; and ¥ is the
time evolution El = k1 — 0, EQ = ko 4+ 9,7; = v;.
Configuration of 8 singular points ( )
Pi: (f,9) = (v, —v;)iq, (k1 — v v — k2)Ss.

S




» Equation with the symmetry type d-Eél) [Ramani-Grammaticos-Ohta(96)]

Hf?:]_(.g + v;)
H?:5(9 + ko — Uz’),
I (f — ;)
H?:5(f — k1 ’Ui).

(f+a(f+9) =

(f+9(f+9) =

Configuration of 8 singular points

( )

Pi: (f,9) = (v;, —v;)i—1, - 1 \
(00, v; — ko) s, - =
(k1 — v, 00)2327- S5e 4




» Equation with the symmetry type d—Dé(Ll) [Ramani-Grammaticos-T.Tamizhmani-K.Tamizhmani(01)]

tg(g — as) as tag

G+ ) (g FarFapy TEe=0Tastay—0+7

whereag =ag—1,ao =ao>+ 1,a3 =a3 —1,a9 + a1 + 2a»> + a3 + a4 = 1.
Configuration of 8 singular points (f, g)

7=

78 34 _
P (OO, —az), P> : (OO,—al — az), ® ® g = ©0
P34 : (t(1 + age), 2, Ps : (0,0), ¢ ¢2
P6 : (070’4)5 P78 : (1 + a’3€7%)2'




» Equation with the symmetry type d—Agl) [Grammaticos-Ohta-Ramani-Sakai(98)]

g(g —a1) _ a3
— , gtg=a1taz—tf+ :
t(g + ap) f—1
wherear, = a> — 1,a3 =a3+ 1,ag9 + a1 + 2ao + a3z = 1.
Configuration of 8 singular points (f, g)

7=

P1: (00, —az), Paza : (£, —L —ag)s, g:o(\ 78 234
Ps:(0,0), Pg: (0,a1), ‘6

15 1
P7g : (14 aze, 2)o. =0 =09




e Special solutions for discrete Painlevé equations

» Hypergeometric function type
[ Kajiwara-Masuda-Noumi-Ohta-Yamada(2003, 2004)] [Kajiwara(2009)]
Construction:

— Decoupling them into two linear equations

» Rational function type [K.Tamizhmani-Grammaticos- Ramani(1993)], Algebraic func-
tion type [Grammaticos-Nijhoff-Papageorgiou-Ramani-Satsuma(1994)] [K.Tamizhmani-Ramani-

Grammaticos-Ohta(1 996)]

» In this talk, we construct determinant formulae of hypergeometric
special solutions for the d-Egl), d-Eél), d-DZ(Ll) and d-Agl) equations
by
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« Pade interpolation

"Padé intepolation is a problem to find the polynomials Py, (x), Qn(a:)\
of given degree m and n by the rational interpolation conditions

P(xs)

Q(CES)’

Y (xs) ~ (s=0,1,--- ,m+n)

for given data Y (xs).

N /

» [essentially Jacobi(1846)] @ determinant expression(next slide)

» [Padé(1890)] differential version ([Frobenius],...)

12



o A determinant expression of P, (x), Qn(x) [acobi(1846)]
For a given Y (xs) and degree(m, n), the polynomials Py, (x), Qn(x)

are formulated by the following determinant expressions:

; ™
m-+n a?i_l_j n

P(z) = F(z) det ( z Us )

T — xg/1,j=0
m-+n 1
Q(x) = det ( > usa;Z_I_J (x — xs))n .
s=0 2,J=0
g y,
Y(CCS) m-+n
= , F(x)= T — T;).
Us F’(CES) ( ) iEO ( z)

» This expression is necessary to obtain special solutions f, g of dis-

crete Painlevé equations later.
13
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e Padé method [v. vamada(2009)]

Suitable Padé problems give and

simultaneously through 2 kinds of 3 terms difference
equations whose solutions are { P, (x), Y (z)Qn(x)}.

N

» Necessary setting
(1) Choice of data Y (xs),

(2) Choice of grid = (differential, additive, g, g-quadratic, elliptic etc.),
(3) Choice of time evolution direction T'.

Suitable Y (x) makes Padé method a success!

15




o Setting for d-Painlevé equation

-

Parameter: (aq, ao, a3, by, bo, b3, c, d) € (CS, (m,n) € Z%O'

(1)

(2)
)

d-Painlevé eq. d-Egl) d-Eél) d'Dz(Ll) d—Agl)
Data : ¥ () | (02:03)s | (b1.02)s | (01)s | e
(a1,a2,a3)s | (a1,a2)s | (a1)s

a constraint aj + ap 4 az + m = by + bo + bz + n for d-EL1.

(a); = Hé-—:lo(a

i), (a,b,---); = (a);(b); - .
Grid: additive grid zs = s (s =0,1,...,m 4+ n)

(3) Time evolution direction: T := Tor Ty Tata— a+ 1,

(T := Tay Ty, Tag Ty, for d-ESY) 7 := T(u), u := T~1(w).

N

This setting gives d-Painlevé equations !
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e Procedure of computing of Pade method
» Step1. We consider the above setting, and compute 2 kinds of 3
terms relations satisfied by y(x) = u(x) = Ppn(x),v(z) = Y (2)Qn(x):

y(z) y(z+ 1) y(z)

Lo :

uw(x) ulx -

- 1) u(z)

v(z) vz + 1) v(x)
The Casorati determinants give contiguity relations (Lax pairs)Lo,, L3.
» Step2. Compatibility of L, L3z = Discrete Painlevé equation
» Step3. Lo, L3 and discrete Painlevé equation

= 3 terms relation L1 between y(z + 1), y(x),y(x — 1).

» Step4. Explicit expressions of P, (x), Qrn(x) given by Jacobi formula
= Special solutions f, g

O,

L3:

y(z) y(z) y(z — 1)
w(z) ulx) u(x — 1)
v(z) v(x) v(x — 1)

=0

Y (xs) gives Lax pairs, Painleveé eq., special solutions !

17
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o Setting of Pade problem for d-E§1) equation
Parameter: (a1, ap, a3, b1, bo,b3) € C°, (m,n) € Z<,

Conditions: Y (xs) ~ P(xs)/Q(xs) (s=0,1,--- ,m+n),
V() — 3 (bi)s ) — 3 [ (a)lM (x4 b;)
(1) Data: ¥ () = igl (a;)s’ Y= i£[1 M(z+ a)l(b;)

Withal—l—a2+a3+m=b1—|—b2—|—b3—|—n,

(2) Grid: additive grid xs = s,
(3) Time evolution direction: T := Ta1 Ty, Tas Ty, Ta:a—a-+1,

wi=T), uw:=T"1().

19



o Step 1: Contiguity relations L», L3 for d-E~

» Computing Casorati determinants

_u(z) ulz A _|u(x) u(x) _ju(z+ 1) u(x)
P1=1) vz +1) P27 o) o)) P37 w4+ 1) v(z)’
where u(x) = Pn(x),v(z) = Y (2)Qn(x), we have

__coY(®) Mmoo
P = ey M D)
e e I NCEDICD!

_ c1Y (z) min-1 .
Ds(@) = s oy T @4 T =)=

where cq, c1, f, g, h are some constants with respect to =.

20



» Contiguity relations are rewritten by Casorati determinants D,.
La(z) : Co(z — [)y(z) — (z +az)(@ —m —n)(z — h)y(z + 1)
+ (z +b1)(z + b3)(z — 9)y(z) =0,

L3(z) : Ci(z — f — Dy(z) + (z + a1)(z + a3)(z — g — 1)7(=z)
—z(z +bx—1)(z—h)y(z — 1) =0,

whereh:g—l—ag—bl—bg—nand

Co = bibzcg/c1, C1 = ajazcp/cy

21



o Step 2: Painleve equation with symmetry type d-E%l)

» Computing compatibility conditions of L», L3, we obtain the birational

equation:

(=M -h+1)  A(f+1) (- h)(f+1—h) _ Asx(h)
(fF =9 —9) A1 (f) (fF=9(f—9) A1(g)’

and

A1(z) = (x +a2)(z+ b)) (z + 1)(x —m — n),
Ao(z) = Il;=13(x + a;) (= + b;)
and a constraint for the product:
(ap — b1 —b3 —n)(ap —by —bz —n—1)A1(g)
(f—9)(f—9) |

8 singular points are ontwo lines f = g, f = h ( ).

22

CoCq =



o Step 3: Linear equation L4 for d-E%l) equation
» Combining Lo, L3, d-Eél) equation, CpCq and eliminating y(x), y(x—
1), f, we obtain linear equation L1 (x):

(a1 —ba—g+m)Ax(h) A1(9)
(az+h)(h—f)(@—h) (f—g)(®—g—1)

(t —h—-—1)A1(zx—1)
(x—f-1)(z—g—1)

(ap — by — b3 —n)

|y

_|_

 Gtb Db -DE-g-1)
< |v(@) (a:—h—1)(:c—m—n—1)(a:—|—a2—1)y( 1)]
O N OB LD GO IS TR, S

(z — f)(z—h) (z + b1)(z 4+ b3)(z — 9)

23



» L1 (f, g) equation is the curve of bidegree (3, 2) passing through the
following 11(41) points on P! x P1.

8 singular points: f = —ao, —b>,—1,m +nonline f = g,
f=—a1,—b1,—-b3,a1+ax—b1 —bo—b3+m—n
onlinef=g+a2—b1—b3—n,

2 points: (x,x) online f = g,

(r—1,x—1—as+b1+bz+n)online f = g+ar>—b1—bz—n,
(z — h)(x—m —n)(xz+ ar) _ .
(b +ba)—g) TP A=
oy = (et Dby g 1)

(z—h—-—1D)(z—-—m-n—-—1)(x+a>—1)
at f =« — 1.

2 points: y(x) =

y(z—1)
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o Step 4: Special solutions f, g for d-Eg1> equation

» Jacobi formula of additive grid(xs = s):

F(z) m+n 1]\ n
P xr ) — d t Us ’
) (—(m n)zj_}ln) ° (SEO x—S)iJ:O
B 1 m-+n i B n—1
Q(x) = (—(m n)%_l_n) det( SEO uss' 7 (x S))i,j=07
where
—(m4+n))s 3 (b)s m-=-n
up = s {1 s py T (@ - k).
s! i=1 (a;)s k=0

This expression gives a simple and direct way to obtain hypergeometric

special solutions f, g of discrete Painlevé equations.(next slide)
25



» Applying Jacobi formula to Casorati determinants D;, we obtain hy-

pergeometric special solutions f, g for d-Egl) equation:

f+a1 :VTal(Tmn) ot (Tt 1n-1)
S+ b1 1(7'm n)Tbl(Tm—l—ln 1)
g+ax TCLQ(T’mn) L Tmt1n-1)

h + aq Tal(Tm n)Tal (Tm—l—l n— 1>

where h = g + a> — by — bz — n and

. b 1,b0,b3, —(m 4+ n
Tm,n = det [(51)7;((11 _J)j4F3[ 114, b2, b3, —(m + ) ”
ai —j,&Q,a3

(a1 +m+n)(ag —1)"(by — 1)" ﬁ bi —

n—l—lbn a bl

b1b3(bo — a2]) (az +m +n)(as — 1)”

az(by —a1)(bz —aq) ag_H(al +m+n) .
and 4 F3 is the generalized hypergeometric function.

,.70
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e Case of d-Eé” equation
» Setting of Padé problem

Parameter: (a1, ap,b1,bo) € C*, (m,n) € Z<,

Conditions: Y (xs) NQS?; (s=0,1,- 2 m —|(— n)), ( |
_ . _ bi S ) — [ a; [ :U—|—bi
(1) Data: Y (xs) igl () Y (x) ig[l M2+ a) (2 + b))’

(2) Grid: additive grid x5 = s,
(3) Time evolution direction: T' := Ty, T}, Ta:a— a+1,
wi=T), u:=T"1().

28



» Contiguity relations Lo, L3 for d-Eél) equation

Lo(z) @ Co(z — [)y(z) — (a2 + x)(z —m —n)y(z + 1)
+ (b1 + z)(z — g)y(z) = O,
L3(z) : C1(x — f — Dy(z) + (z +a1)(x — g — Dy(=)
—z(x+ by — 1)y(x — 1) =0,

where f, g, Co and C'1 are some constants respect with =.
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» Painlevé equation with the symmetry type d- E(l)

(f+ax)(f+b2)(f+ 1)(f — m-?’b)
(f +a1)(f +b1)
(9g+a2)(g+b2)(g+1)(g—m —n)
(9—a1+bo—m)(g+ap—b; —n)’

and a constraint for the product

(g+a2)(g+b2)(g+1)(g— m—n)
(f=9)(f—9)

Birational equation and 8 singular points are on one curve f = ¢ and

(f=9)(f—9) =

(f—)(f—9g) =

CoCq =

two lines f = oo, g = oo ( )

(fag) — (—CLQ, —CLQ), (_b27 _b2)7 (_17 _1)7 ((IO _l_ b07 agp _I_ b0)7
(007 az — b2 _I_ CLO), (OO, bl — an + b0)7 (_a’17 OO)7 (_b17 OO)

30



» Linear equation L for d-Eél) equation

[(g+a2)(g—l-bz)(g+1)(9—m—n)
(f—g)(x—9g—1)

—(g = a1 + bp — m)(g + ag — by — n)|y(x)

r(x+by—1)(z—m—-n—-1)(z+azx—1)

| (x—f—1)(xz—g—1)
o) - (e +b1— 1)(z g~ 1)

(z+a>—1)(z—m—-—-mn—1)
(@ 4+ a1)(z + b1) (2~ 9)

y(z - 1)]

(2 + az)(@ —m—n)
(z +b1)(=z —g)
L1 (f, g) equation is the curve of bidegree (3,2) characterized uniquely

by 11(+1) points on P1 x P1.

x|y(z) - y(z+1)| =0.
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» Hypergeometric special solutions f, g for d- E(l) equation

J+a _ ,yTa1(Tm n)T, _1(Tm—|—1n 1)

f+b 1(Tm n)Tbl(Tm+1 n—1)
T~ (T T,

g+a2 — W CL2( m7n> ( m—l—l’n 1)

Tal(Tm,n)Tal Frnt1m—1)

where

Tmn = det [(b1);(a1 — 7) 3% [bl +4,b2, —(m + n) ”

a1 — J,an i,j=0
(a1 +m+n)(a;g — 1)"(by — 1) ﬁ b; — ai
Y= — ’
a717’+1b7f i—1a; — b1
_ bi(bg—a2)(ag +m +n)(az — 1)"
b1 — a1 ag“_H 7

and 3 F» is the generalized hypergeometric function.
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e Case of d-Dﬁl) equation
» Setting of Padé problem
Parameter: (a1,b1,c) € C3, (m,n) € Z2,,

Conditions: Y (zs) ~ P(xs)/Q(xzs) (s=0,1,--- ,m—+n),

(1) Data: YV (xs) = ¢° (b1)s Y(x) = Cxl_(a,l)l_(.:v + 1)

. o (a1)s] (x4 a1)l(by)’
(2) Grid: additive grid xs = s,

(3) Time evolution direction: T' := Ty, T}, Ta:a— a+1,
wi=T), u:=T"1().
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» Contiguity relations Lo, L3 for d-Dé(Ll) equation
1
La(z) : Co(z — fy(z) — (e —m—n)y(z + 1) + ;(:v + b1)y(z) =0,

Ls(e) : Ci(z — F — Dy(z) + ;cn +a1)y(e) — ceyle — 1) = 0,

where f, g, Cog and C'1 are some constants respect with x.
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» Painlevé equation with the symmetry type d-Dgl)

(f +a1)(f +b1)
co(f +1)(f —m—n)
a1 +m b1 +n
1l —cg B 1—g’

99 =

f+ 7 = m-+n—1-—
and a constraint for the product

CoC1=(1-1/g)(c—1/g).

Birational equation and 8 singular points are on three lines f = oo,
g=0,g9=o00( ):

(f,9) = (—a1,0),(=b1,0),(1/e,{1 4 (ag + a1)e}/c)2,
(1/87 1+ (bO + b1>8)27 <_17 OO)? (CLO + bOa OO)

35



» Linear equation L1 for d-Dgl) equation

c(m+n)g+ (a1 + bic—cm —n)
Ca b (e (g - 1)(eg— 1)

(e—m-n-1) +y;x>_1
e "; _”]Z _Z’ y(z) - g(j_ R Y@ - 1)
S P - S a4 ] =o

L1 (f, g) equation is the curve of bidegree (3,2) characterized uniquely
by 11(+1) points on P1 x P1.
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» Hypergeometric special solutions f, g for d—Dgl) equation

f+a1 vTal(Tm,n)Ta_ll(Tm—l—l,n—l)
J+b1 Tb_ll(Tm n)Tbl (Tm—l—l n—1) |

1 14 7'mn7'm—|—1n 1

|
g Tal (Tm n)Tal (Tm—l—l n— 1)

where

Py b1+z (m+n) ”

Tm,n = det |(b1);(a1 — 7); —J

i,j=0

_clagtm+tn)lar — D" D" bi(e—1)
aVTipn | b1 —aq

and > F is the Gauss hypergeometric function.
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e Case of d-Agl) equation

» Setting of Padé problem

Parameter: (b1,d) € C2, (m,n) € Z%,,

Conditions: Y (zs) ~ P(xs)/Q(xzs) (s=0,1,--- ,m—+n),

(1) Data: Y (zs) = d°(b1)s, Y (x) =d*T(x+b1)/T(b1),

(2) Grid: additive grid xs = s,

(3) Time evolution direction: T':=T,,,, Ty :a — a1,
wi=T), u:=T"1().
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» Contiguity relations Lo, L3 for d-Agl) equation
1
Ly(z) : Co(z — fy(z) — (z —m —n)y(z+ 1) + ;(bl + z)y(z) =0,

Ls(z) : Ch(e — f — Dy(a) + ;ycn) ~ day(z — 1) = 0,

where f, g, Co and C'1 are some constants respect with =.
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» Painlevé equation with the symmetry type d-Agl)

f+061 — 1 b1+n
— _]_ o
G+ D)F-mony [ TI=min=it =

and a constraint for the product

99 —

CoC1=d(1—-1/g).

Birational equation and 8 singular points are on three lines f = oo,
g=0,9=o00( ):

(f)g) — (_17 00)7 (CLO + b07 OO)) (1/578(1 + CLO€)/d)37
(1/57 14 (bO + b1)5)27 (_b17 O)
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» Linear equation L, for d-Agl) equation

dlm 4 m)g +byd + 1 —dm — - —d(e+ g = D]y(x)

cdgx(zx —m—n—1) Y x+by—1 .
TG (p<> oGa syl —1)
o 1 y_9@—m—mn) _

F o @ = e+ D)

L1 (f, g) equation is the curve of bidegree (3,2) characterized uniquely
by 11(+1) points on P1 x P1.
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» Hypergeometric special solutions f, g for d-Agl) equation

aby Tb_ll(Tm,n)Tbl (Tm—l—l,n—l)
d(b; — 1) ™T™mnTm—+1n—1 7

T T, _
g — 1 L dbl m,n m—l—l,n 1’

Tm7n?m+ 1 N 1

J=-b14

where the determinant 7, » is given by

Tm,n = det (bl)i(_(m‘l‘n))jQFO(bl i,—(?gL ") jad>]n ;

and > Fp is the Kummer hypergeometric function.
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e Summary

We applied Padé method of additive grid to d-Painlevé equations with
the symmetry type Egl), Eél), Dgl), Agl), and obtained their time
evolution equations, Lax pairs and determinant formulae of hypergeo-

metric special solutions.
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e Previous works of Pade method

» Continuous/Discrete Painlevé equations

~
Degeneration diagram of affine Weyl groups symmetries:

ell.(e-) E(l) ,afgis

mulq) D - B - ED - DP 4D (4 A)D (A1 D - AD AP
add.(d-) EY-EM-gY - p®M AWM 2(A)® - A7 1 Al
(P (P) (P 1 D<1>
VI Vi \\ \(Pmm (PIII
AL T A4
(Pv) P (P

N

» Continuous/Discrete Garnier systems
continuous Garnier (differential grid) [Yamada(2009)],
g-Garnier (differential grid) [N-Yamada(Apr.2018, to appear)],

elliptic Garnier (elliptic grid) [Yamada(2017)].
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oFuture problems

» It may be interesting to apply Padé method to the followings.

1. d-Eg(additive grid).

2. multivariable d-DS$Y (additive grid),

3. multivariable q—Eél)(q-quadratic grid),

4. multivariable d-Eél)(additive grid),

5. We apply Padé method to higher order continuous/discrete Painlevé
equations (Fuji-Suzuki, Tsuda). Previous work: Hermite-Padé [Mano-Tsuda(2014)],

etc.
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Thank you !
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